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[ Slow P><d Physics @y |

quasi-stationary/adiabatic/Manton/moduli space/... approximation

1) Starting point:  f(x; z) family of (time-independent) solutions

2. parameters labelling different solutions

» Integration constants

» external parameters

2) Ansatz: flx,t) = f(z;2(1) +O(2)

3) Insert into equations and solve perturbatively in small 2.



Motion on the space of vacua ]

e Vacuum: minimal energy equilibrium configuration
& absolute minimum of potential

e Focus on case with manifold of vacua = 'space of vacua' V

L» typical for theories with symmetry breaking: V =S/

e Kinetic Energy defines a metric on configuration space C

Y CC = induced metric on V

e For small velocities free motion on V  |corrections O(v?)]

» geodesic motion



[

Motion on the space of vacua

Example |

L=Le(i,i)— V(z) = 2% — (R — 2°2")?

Mexican Hat potential

C =R"
V _ Sn—l L SO(TL)

- SO(n—1)

’02

centrifugal force ~ 5

restoring force ~ R*(R — r)




[ Motion on the space of vacua

Example |l
_ Nuezta” (R2_77 unxu)z
L = MZN N MQ
* reparametrization invariant
Gaugefix N =1
it (RP—muxta?)?
L=- 2 - - 2
¢ =R"™!
SO(1,n
Y —ds, = o
SO(1,n—1)

b

Lorentzian signature



[ Motion on the space of vacua ]

Example |l
__ NuuEta? (R? =zt z”)?
L = 2N N 2
* reparametrization invariant
Gaugefix N =1
M dH 3 (RE—mu,ahz?)? ( constraint
L = 2 — 2
—NH Y = (Nua’zh — R?)?
C — R™! l on V
Y =dS, = SO(l, n) _ null geodesic motion
SO(1,n—1)

b

Lorentzian signature



[ Motion on the space of vacua ]
GR (on R x M)

In synchronous gauge/Gaussian normal coordinates
(ds* = dt* + hyj(z,t)dx'da?)

L:%gmm—vw)

1 . .
g(51h, 52h) = 5/ dgx\/ﬁhz[khj]l51hij52hkl (V\/dVV)
M
1
V(h) :--/ A3z V' h R(h)
2 M

C = space of all Riemannian metrics on M (superspace)

t highly singular



[ Motion on the space of vacua ]
GR (on R x M)

In synchronous gauge/Gaussian normal coordinates
(ds* = dt* + hyj(z,t)dx'da?)

1 . . + constraints !
L = §g(h, h) —V(h) {( J

momentum and Hamiltonian)

1 . .
g(51h, 52h) = 5/ dSZIJ\/E hz[khj]l51hij52hkl (V\/dVV)
M

V(h) = —% /M 43z vVh R(h)

C = space of all Riemannian metrics on M (superspace)

t highly singular
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RlC(h) =0 dég Rlem(h) =0« hij = 5/,33' up to diffeo
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S — go\g _ Diff((?M) < global symmetry




Motion on the space of vacua

GR (onRxM) ([ Whatisy? )

RlC(h) =0 dég Rlem(h) =0« hij = 5/,33' up to diffeo

G =19 € Diff(M) [ ¢(OM) = OM

gauge symmetry

Go = 1¢ € Diff (M) | ¢[yy, =1d} <

S — QO\Q _ Diff((?M) < global symmetry

[V = 8/K = Diff (M) /ISO(OM) = Go\G /Stab(h)]

A non-trivial only when OM +# ()
perfectly smooth (but co-dimensional)
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Motion on the space of vacua

J

Previous slide somewhat axiomatic, physical derivation of V7

e.g. by small velocity approximation

)
bonus:

setup:

.

e induced metric on V
e Einstein equations as geodesic motion on V

e infinite number of conserved boundary charges/

h?:(x) a reference flat metric
¢, a spatial diffeo (2 coordinate on Diff(M))

= generic flat metric ]TLZ']' (x5 2) = ( )

Restrict time dependence to  h;; (:1: t) hii(z;

determine z(t) in the limit of small 2

2(t))



[ Motion on the space of vacua

hii(z,t) = hii(x52(t) = hz’j = Vx>

7)



Motion on the space of vacua

hij(z,t) = hij(z;2(t)) = hyy = v(in)
e Momentum constraint: V'ié?[z-xjf] =0

Fixes x up to boundary value ¢ (and an exact part)

L, € 2iff(M) /0iffo (M) = 0if§(OM)



[ Motion on the space of vacua

hij(z,t) = hij(z;2(t)) = hyy = v(in)
e Momentum constraint: V'ié?[z-xjf] =0
Fixes x up to boundary value ¢ (and an exact part)

L, € 2iff(M) /0iffo (M) = 0if§(OM)

1

= L=38:(%2)  8:(4%) = (G CGhagsy

<C(1)7 C(2)>h = jéM \/%dQZ/ (C&)DLCC(LZ) — KabC(al)C?Z))

g pseudo-Riemannian metric on Diff (OM)/ISO(OM)



[

Motion on the space of vacua

e Momentum constraint: V9 x,] =0
Fixes x up to boundary value ¢ (and an exact part)

1

[ = 5gz(z,z’) 2:(2,2) = (Cor G oy

g pseudo-Riemannian metric on Diff (M) /ISO(OM)

® Hamiltonian constraint:

imposes z to be null wrt g
determines exact part of y

e Dynamic Einstein equation <  geodesic equation for g



" AND NOW FOR SOMETHING
COMPLETELY. DIFFERENT.
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The 1/c expansion of GR

covariant non-relativistic (small v!) expansion  (Dautcourt)

O (2n) (2n)

Juv(C) = Zn——l Guv € —an gh¥ (c) = ZZO 0 9 H*e —2n

(2) .
Ansatz: ¢ ,, = —T,T, (natural via Y = ct)

e |t follows that

(0)

HY — hHpV (-2)

(go) }ic) (assuming I’>‘ ,=0)
F)\ _ FA

Uy

[(T’u, h#*¥) with 7,h#*” = 0 forms a Newton-Cartan structurej




The 1/c expansion of GR

covariant non-relativistic (small v!) expansion  (Dautcourt)

o0 (2n) n) B
Guv(€) =202 Guw ™" g (c) = >, ?;l“/ 2n

(2) .
Ansatz: ¢ ,, = —T,T, (natural via Y = ct)

e |t follows that

(0)

7372 NVY Y (-2)

g) hnc) (assuming I'%,=0)
F)\ _ FA

757

Newton-Cartan gravit
® and that & Y

(0) (0) (nc) l
[RW =8rGNT Y & Ry, =4nGrp TMTVJ




The 1/c expansion of GR

covariant non-relativistic (small v!) expansion  (Dautcourt)

o0 (2n) —_9n

e
Guv(€) =2y 1 Guv € g (c) =3 2o 9"
Ansatz: (_gz)W = —T,Ty (natural via Y = ct)
e |t follows that
(0)
7372 NV} (-2)
(go) }ic) (assuming I'%,=0)
I, = FA "

turns out to be
weak gravity

. .
and that assumption

(0) (0) (nc)
[RW =8rGNT Y & Ry, =4nGrp TMT,,J




The 1/c expansion of GR

covariant non-relativistic (small v!) expansion  (Dautcourt)

o0 (2n) —_9n

(2n) .
g,qu/(C) — Zn——l g,uV C g’ul/(C) — ZZO 0 g 7/ 2n
) .
Ansatz: (Q)W = —TuTy (natural via Y = ct)
e |t follows that
(go)’“’ = hH" (-2)
(0) (nc) (assum|ng PA —O)
F)\ _ FA
e relax this
assumption

® and that

(0) (0) (nc)
[RW =8rGNT Y & Ry, =4nGrp TMT,J




The 1/c expansion of GR

covariant non-relativistic (small v!) expansion

o0 (2n) —2n (2n)

QW(C) — Zn——l Juv € g (c) = ZZO 09

(2) .
Ansatz: ¢ ,, = —T,T, (natural via Y = ct)

By o —2n

e One finds extension of NC (dr=0— 7 Adr =0)

Torsional connection

(nc) (nc)

ra,—Io, =T, #0



The 1/c expansion of GR

covariant non-relativistic (small v!) expansion

(2n)

00 (2n)
g,w(c) — Zn——l 9uvC - QW(C) — ZZO 09

(2) .
Ansatz: ¢ ,, = —T,T, (natural via Y = ct)

By o —2n

e One finds extension of NC (dr=0— 7 Adr =0)

Torsional connection

(nc) (nc)

ra,—Io, =T, #0

Physical interpretation

[extends Newtonian gravity with time-dilation effects]




The 1/c expansion of GR

covariant non-relativistic (small v!) expansion

o0 (2n) —2n (2n)

QW(C) — Zn——l Juv € g (c) = ZZO 0 9"

(2) .
Ansatz: ¢ ,, = —T,T, (natural via Y = ct)

[13% —2n

e One finds extension of NC (dr=0— 7 Adr =0)

Torsional connection

(nc) (nc)

ra,—Io, =T, #0

Bonus: expansion consistent at level of the action

(Hansen, Hartong, Obers)



The 1/c expansion of GR

3+1 formulation of the 1/c¢ expansion
ds* = —e¥(cdt + Cidz")? + e Vry;;dx’da’

9 < (¥,C5,7:;) Kol-Smolkin decomposition
(dual to ADM decomposition)



The 1/c expansion of GR

3+1 formulation of the 1/c¢ expansion
ds* = —e¥(cdt + Cidz")? + e Vry;;dx’da’
9w < (¥,Ci,7i) Kol-Smolkin decomposition

L=Ly+c 'Ly +c?Ls
1 . 1 :
Lo =R+ Zewcijcw 5 0",
Ly =T D,Cidm + (2079 — 2V CYCy)C; + CU o),
Ly = —T7MCCiAm + e Y49 — 20" Ciy)
1

+ Z(e—Qwrkl mn + Fij kl mnCij)/ylemnl

1 . .1 .
= €' TVHCCC,C S (3¢ + CiC)y®.



The 1/c expansion of GR

3+1 formulation of the 1/c¢ expansion

ds* = —e¥(cdt + Cidz")? + e Vry;;dx’da’
9w < (¥,Ci,7i) Kol-Smolkin decomposition
Leading order in the 1/c expansion:

1 | .
LLO — LO = R+ ZewC’ijC’” — 5 m@"w

® no time derivatives

e stationary sector of GR

1/c expansion is a 'post-stationary’ expansion
J

(@




[ The 1/c expansion of GR

3+1 formulation of the 1/c¢ expansion
ds* = —e¥(cdt + Cidz")? + e Vry;;dx’da’
9w < (¥,Ci,7i) Kol-Smolkin decomposition

Higher order in the 1/c expansion:
i) () Sadl
TS SLISINNCH 1 PR ST
n=0 n=0 n=0

= eoms take the form

n(n 1) O nl)

(n 2)
ID>2<I>—S[ ®,0,P , atcp 07 ® ..., 07®]



The 1/c expansion of GR

9uv <~ (% C’ia 7@])

1 formulation of the 1/c expansion

ds* = —e¥(cdt + Cidz")? + e Vry;;dx’da’

Y | C; Yij

P | C; Yij

X | B; Qg

¢ | Ai | Bij

(V) Zz Wij

T Y,/ Eij
1/c

Post-stationary

Kol-Smolkin decomposition

Y| Ci | vij (0 Ci | Yij
@D 0 ’Yij 0 0 5/I:j
0| B; 0 0 0 0
s 08| 20| 0 o0
0| Z; 0 0 4U; 0
T 0 €ij —2V 0

1/c? Post-Newtonian

Post-Static




[ The 1/c expansion of GR

3+1 formulation of the 1/c¢ expansion
ds* = —e¥(cdt + Cidz")? + e Vry;;dx’da’
9w < (¥,Ci,7i) Kol-Smolkin decomposition

Higher order in the 1/c expansion:
i) () Sadl
TS SLISINNCH 1 PR ST
n=0 n=0 n=0

= eoms take the form

n(n 1) O nl)

(n 2)
ID2<I>—S[ ®,0,P , atcp 07 ® ..., 07

[What determines the time dependence? J




A dynamic dS black hole

Static SAS metric
d82:—th2—|—F_1d7“2—|—fr2dQ§, F=1— — — —

Solution to

L=+—g (R — %aucwﬂcb — V(<I>)>

with

<+—— cst such that V/(®) =0
(D)
2

|
< KA

o
A



A dynamic dS black hole ]

Static SAS metric
d82:—th2—|—F_1d7“2—|—fr2dQ§, F=1— — — —

Solution to

L=+—g (R — %aucwﬂcb — V(<I>)>

with

<+—— cst such that V/(®) =0
(®)
2

|
< K

o
A

(Gregory, Kastor, Traschen) At leading order

slow time dependence m(t), q)(t)
>

Parameters: m, ®
+ lower order corrections



A dynamic dS black hole

A precise quasi-stationary expansion

e Generic spherically symmetric ansatz

1 — H?
ds® = —FA*du® + 2H Adudr + 2 dr? + r*dQ;

F = F(u,r), H=H(u,r), A= A(u,r), ® = &(u)
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[ A dynamic dS black hole ]

A precise quasi-stationary expansion

e Generic spherically symmetric ansatz

1 — H?
ds® = —FA*du® + 2H Adudr + 2 dr? + r*dQ;

e Introduce a small parameter € via slow time 7 = eu
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[ A dynamic dS black hole ]

A precise quasi-stationary expansion

e Generic spherically symmetric ansatz

1 — H?
ds® = —FA*du® + 2H Adudr + 2 dr? + r*dQ;

e Introduce a small parameter € via slow time 7 = eu
F(u,r) = f(eu,r), H(u,r)=n(eu,r), A(u,r)=aleu,r)
VeD(u) = plen), V(®) = v(ed)

= Einstein equations + scalar eom reduce to

d a’(? -1 v B a’C? —1r
R =

= solve perturbatively: a = > ", a,€e” f=>""0fne"
Ly |e=1/c < 1/c expansion! J

(Ora° =€




[ A dynamic dS black hole }

At leading order:
9.a2=0 9, (r(fg 14 %ﬂ)) — 0

[:> ag = 1 fO — ] — ZmT(T) _ 0(806(7')),'42 ]

Observe: Einstein equations leave m(7) and ¢(7) undetermined!



[ A dynamic dS black hole }

At leading order:

Orap = Oy ("“(fo — 1+ %7“2)) =0
[:> ag = 1 fO — ] — ZmT(T) _ 0(806(7')),'42 ]

Observe: Einstein equations leave m(7) and ¢(7) undetermined!
Resolution: (Gregory, Kastor, Traschen)

boundary condition on horizons

o = Blm,v(p)]p?
@ purely ingoing < 1. o ()
P T T 3 mau(e)]



[ Summary

The quasi-stationary regime of GR

e remains largely unexplored
e s highly tractable

e reveals elegant geometric structures
Interesting open Issues
o connection to asymptotic symmetries and soft modes
o how is time dependence determined in 1/¢?

o applications



