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Topics

1 Joule experiment.

2 Tolman’s law.

3 Eckart’s temperature gradient.

4 Layzer-Irvine equation.

5 Gravo-thermal catastrophe.

6 Last scattering surface.

7 Gravitational lensing.

8 Temperature and entropy of black holes.

9 Equipartition theorem.

10 Generalized second law for black holes.

11 Idem for cosmological horizons.
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Joule Experiment

Figure: Gravitational energy becomes heat.
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Pocket temperature

ds2 = g00 c
2dt2 + gij dx

idxj

Thermal equilibrium in a static (dxi = 0) gravitating fluid,

T
√−g00 = C

“... the proper temperature of a fluid as measured by local observers
using ordinary thermometric methods would not be constant through

a fluid sphere which has come to thermal equilibrium but would vary

with gravitational potential, increasing with depth as we go toward the
centre of the sphere." (Tolman 1934).

At the Earth surface, dlogT/dr ≃ −10−18cm−1.
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Eckart’s temperature gradient (1940)

qµ = −κ [hµν(∂T/∂xν) + T aν ]

In the local and instantaneous rest frame,

q0 = 0 & ~q = −κ[∇T + Tc−2~a]

In an inviscid, heat conducting fluid under an external and stationary

weak gravitational field (g00 = −(1 + 2c−2φ))

σ = −~q · [∇T + T∇(c−2φ)]/T 2 ≥ 0

~q = −κ [∇T + T∇(c−2φ)]

The equivalence principle validates the presence of the acceleration

term (Pavón et al., 1980).
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Incomplete collapse of a gas cloud

Initially 〈K〉 ≪ | 〈V 〉 |. Typical spiral galaxy.
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Layzer-Irvine equation (1961)

Virial theorem, 〈K〉 = −〈V 〉/2

Approach to dynamical equilibrium
d
dt (〈K〉 + 〈V 〉) + ȧ

a (2〈K〉 + 〈V 〉) = 0

ȧ > 0 and d
dt(〈K〉 + 〈V 〉) > 0

Energy dissipation ⇒ generation of entropy

Ṡ = ȧ
a
|2〈K〉+ 〈V 〉|

T ≥ 0.
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Gravo-thermal catastrophe (Lynden-Bell & Wood

1968)

Dimensionless radius vs − log density contrast. Globular cluster M70.
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Pound-Rebka Experiment

Figure: By the Equivalence principle, wavelengths are affected by the

gravitational field.
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CMB

Figure: Intrinsic anisotropies on the last scattering surface.

Gravity and thermodynamics are more closely related than you might think



The bending of light

Figure: Gravitational lensing.
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The bending of light

Figure: Gravitational lensing.
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“Seeing" a MACHO

Figure: Light intensity enhancement.
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Hints of BH entropy

ds2 = −(1− 2M/r) dt2 + dr2/(1− 2M/r) + r2(dθ2 + sin2 θ dφ2).

A ∝ M
2 ⇒ A > A1 + A2. So we guess S ∝ A.

Gravity and thermodynamics are more closely related than you might think



BH thermodynamics (Hawking 1974, 1976)

The first law of BH Mechanics: d(Mc2) = κc2

8πG dA + ΩdJ + ΦdQ

A = 4πr2+ = 4π {2M2 − Q2 + 2
√

M4 − J2 − M2Q2} (G = c = 1)

< n >= Γ
exp[(~ω−~mΩ−eΦ)/(kB T )]∓1

⇒ S = kBA/4ℓ2p, T = ~κ/2πkB
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Equipartition theorem for BHs

Smarr’s formula for Kerr BHs:

M = κA
4π + 2ΩJ

(

κ = 1
2M

√
1−J2/M4

1+
√

1−J2/M4
, J2 ≤ M4

)

Upon the identifications T = κ/2π, A = N (in Planck’s units)

M = ξNT

Each degree of freedom contributes

ξ = π
2π−Ω2N

to the BH mass.

(ξ = 1/2 for non-rotating BHs (Ω = 0))
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Equipartition theorem for Kerr-Newman BHs

Smarr’s formula for charged rotating BHs:

M = κA
4π + 2ΩJ + ΦQ

(

Φ = 1
M

[

Q
2 + 2πQ3

A

])

For Q2 ≪ M2 ⇒ M ≃ κ
4π A + Ω2 A

2π M + Q2

2M

M = ξNT

ξ = π
2π−Ω2N

[

1 + 2π−Ω2N

4 π(κN
4π )

2 Q2

]

+ O(Q4)
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GSL for black holes I (Bekenstein 1977)

∆Sbh = (∆M − Ω∆J − Φ∆Q)/Tbh

< n >= Γ
exp(x)∓1 (x = ~ω − ~mΩ− eΦ)

∆M = −∑

< n > ~ω , ∆J = −∑

< n > ~m,
∆Q = −∑

< n > e

〈∆Sbh〉 = −∑

xΓ/(ex ∓ 1)

δ
[

−
∑

p{n} ln p{n} −
∑

β
∑

n′p{n} − (α− 1)
∑

p{n}

]

= 0

p{n} = e−α
∏

e−β

〈∆S〉 = 〈∆Sbh〉 + ∆Srad = α +
∑

Γ(β − x)/(ex ∓ 1) > 0.
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GSL for black holes II (Unruh & Wald 1982)

Figure: Energy is lowered onto a bh at the floating point (E = εV ) ⇒
∆Sbh = s(ε)V ≥ Sbox.
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Event Horizon

Figure: The event horizon of the de Sitter universe has an entropy

proportional to its area and a temperature proportional to the rate of

expansion (Gibbons & Hawking 1977).
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GSL for cosmic horizons

Sh = 2πA , A = 4π/H2 (8πG = c = kB = 1)

Ṡf = a3

Tfαρf
(τσ̇ + 3αρfH)2 , Ṡh = 8π2

H3 [(γ − 3αH)ρf − τσ̇]

Ṡ = Ṡf + Ṡh = 8π2

H3

[

γρf + τ2σ̇2

3αρfH
+ τσ̇

]

If the DEC (ρ + P ≥ 0 ⇒ γρf ≥ τσ̇ + 3αρf H) holds,

Ṡ ≥ 8π2

3αρfH4 [τσ̇ + 3αρfH ]
2 ≥ 0.
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Final Comments

The laws of thermodynamics and statistical mechanics were

drawn from experiments on non-gravity dominated systems.

Nevertheless, as far as we know, these objects obey the laws of
thermodynamics.
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Final Comments

The laws of thermodynamics and statistical mechanics were

drawn from experiments on non-gravity dominated systems.

Nevertheless, as far as we know, these objects obey the laws of
thermodynamics.

Thermal energy and gravity can be mutually inter-converted

(e.g. radiation ↔ black hole) while respecting the aforesaid
laws.

The latter set constraints on gravity driven processes.

We may speculate that the GSL holds also at large scales.

Gravity and thermodynamics are not so unrelated disciplines
after all.
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