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Why do we need modifications 
to standard cosmology?



Introduction

ÅEinstein 1915: General Relativity (GR)
Energy-momentumsource of curvature
Levi-Civita connection: Zero Torsion, Metricity

ÅEinstein 1928: Teleparallel Equivalent of GR 
(TEGR)
Energy-momentumsource of torsion
Teleparallel connection: Zero Curvature, Metricity

arXiv:1903.06830
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Fundamental Physics
Standard Model of Particle physics+ GR

+
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Cosmological History
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Can we describe the early universe?

No!
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Adding Inflation

+ +

arXiv:astro-ph/9906497
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General Relativity and Standard Modifications

ÅEinstein 1915 ςGR:

Ὓ
ρ

ρφ“Ὃ
Ὠὼ Ὣד Ὠὼ Ὣfl Ὣ ȟ‪

ᵼ ד
ρ
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Late-time reasons for modified gravity

Galactic Dynamics: Flat rotation curve problem

Dark Energy: Late-time acceleration

Energy budget of the universe over the decades

WMAP Science Team

Planck Collaboration
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Modified Matter I
Dark Matter Detection Attempts:
2000 ςMACHO: MACHOmicrolensing
2010 ςDAMA/LIBRA: WIMPparticle interactions
2014-2016 ςLUX: WIMPparticle interactions
2015 ςThe AxionDark Matter eXperiment(ADMX)
2016 ςIceCube: Sterile neutrinos
2016 ςLHC: Supersymmetric particles
2017 ςANAIS Experiment
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Dark Energy as the cosmological constant

2011 Nobel Prize in Physics
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Modified Matter II

+ +

Dark Matter

+
Ὓ

ρ

ρφ“Ὃ
Ὠὼ Ὣד ςɤ

Ὠὼ Ὣfl Ὣ ȟ‪

+
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The Ὄ Tension

Planck Mission 
(predictions from 
the CMB)

The SH0ES Project (calibrated with 
Cepheid variables)

(visible and near-infrared survey)

H0LICOW (strong lensing -
cosmography)

Ȣ Ɑtension
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The Ὄ Tension
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Di Valentino et al. CQG, 38 (15) (2021)

Cosmology Intertwined, JHEAp. 2204, 002 (2022)



aƻŘƛŦƛŜŘ DǊŀǾƛǘȅ ǘƘǊƻǳƎƘ [ƻǾŜƭƻŎƪΩǎ ¢ƘŜƻǊŜƳ
Adding new fields (scalar, 

vector, tensor)

Use more/less than four 
dimensions of spacetime

Adding more than 
second-order derivatives 

of the metric

Changing the 
gravitational connection

Consider non-local terms
Take an emergent form 

of gravity

[ƻǾŜƭƻŎƪΩǎ ¢ƘŜƻǊŜƳ
For second ordervacuum field equations Ὁ π, if Ὁ is a 

function of the metric Ὣ , then

Ὁ ḧὋ ɤὫ ד
ρ

ς
Ὣד ɤὫ
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The Modified Gravity Landscape
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What inspiration can we get 
from other branches of physics?



Inspiration from Particle Physics

ÅGauge Principle: Replace global symmetries by local ones

ÅGroup generators produce compensating fields

ÅThis results in thestandard model forces

Can we apply this to gravity?
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Gauge theory of gravity

ÅFormulating a gauge theory of gravity (1956 onwards)

ÅStarting from special relativity (SR)

- ApplyingYang-Mills theory to SR
- Result is Poincarégauge theory (curvatureand 

torsion appear as field strengths)

ÅTorsionis the field strength of the translation group

Hehlet al. Phys.Rept. 258, 1 (1995) [arXiv:gr-qc/9402012]
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Modified Gauge Gravity

ÅOne can always modify gravity (supergravity, conformal, 
ƳŜǘǊƛŎ ŀŦŦƛƴŜΣΧύ

Å In all of them, torsion is related to the gauge structure 
of the theory

ÅHere, torsion opens the possibility of having a quantum 
theory of gravity
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Modifying Gravity

ÅAccelerating Universe (1998): Thousands of works in 
modified gravity (Ὢד , Horndeski, Galileon, Lovelock, 
ƳŀǎǎƛǾŜΣ ²ŜȅƭΣΧύ

ÅThese are almost all curvature-based

ÅCan we modify gravity using torsion?

Saridakiset al. [The Cantata Consortium], Modified Gravity and Cosmology:
An Update by the CANTATA Network. Springer, Cham (2021) [arXiv:2105.12582]
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Rethinking the connection

Connection of gravity: Curvatureis a property of the connection, 
not of the spacetime

Spacetime tells matter how to move; matter tells spacetime how to curve

John Archibald Wheeler
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The Teleparallel Equivalent of GR (TEGR)
ÅTEGR: This is the simplest torsional theory of gravity

ÅTetrad (Ὡ ): Relate the tangent space (Ὣ – Ὡ Ὡ )

ÅUse the teleparallel connection(ɜ Ὡ ‬Ὡ Ὡ ‫ ) 

instead of the Levi-Civita connection (Christoffel symbols)

ÅTorsion tensor: Measures torsion (Ὕ ɜ ɜ )

ÅTEGR Action: 
Ὓ

ρ

ρφ“Ὃ
ὨὼὩὝ

where Ὕḳ Ὕ Ὕ Ὕ Ὕ Ὕ Ὕ
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Modified Teleparallel Gravity
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Bahamondeet al. RoPP86 026901 (2023) 
[arXiv:2106.13793]



Modified Teleparallel Gravity
ÅCurvature-Torsion Relation:ד Ὕ ὄ

Å█╣ Gravity: Inspire by Ὢד gravity

Ὓ
ρ

ρφ“Ὃ
ὨὼὩ Ὕ ὪὝ Ὓ

ÅTaking a flat (FLRW) cosmology: Ὣ ÄÉÁÇρȟὥὸ ȟὥὸ ȟὥὸ

ÅFriedmann equations:

Ὄ
ψ“'

σ
”

ὪὝ

φ

Ὕ

σ
Ὢ

Ὄ
τ“Ὃ” ὴ

ρ Ὢ ςὝὪ

Ὕ φὌ

φ
ὥ

ὥ
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ὪὝ Effective Dark Energy
ÅInterpreting the modification to TEGR as a dark fluid

ψ“Ὃ” ḧὝὪ
Ὢ

ς
ψ“Ὃὴ ” ḧ ὌὪ ςὝὪ

ÅThe effective Equation-of-State (EoS) turns out to be

‫ ḧ
ὴ

”
ρ ρ ‫

Ὢ Ὕ ςὝὪ Ὢ ςὝὪ

ρ Ὢ ςὝὪ Ὢ ςὝὪ
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Scalar Perturbations
- █╣ gravity leaves imprints at the perturbative level

Ὡ ‏ ρ ‪ ȟὩ ὥρ‏ ‰ ᵼ Ὠί ρ ς‪Ὠὸ ὥ ρ ς‰‏ὨὼὨὼ

- Matter over-density perturbations also contribute through

‏
”‏

”

- Matter perturbation evolution equation
‏ ςὌ‏ τ“Ὃ ‏” π

Identifying the effective gravitational constant 

Ὃ
Ὃ

ρ Ὢ
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What do observations tell us 
about modified teleparallel 

gravity?



ὪὝ Gravity Models
Popular models of █╣ gravity

1. Power-law Model: ὪὝ ‌ Ὕ

2. Linder Model: ὪὝ ‌Ὕ ρ Ὡ Ⱦ

3. Exponential Model: ὪὝ ‌Ὕ ρ Ὡ Ⱦ
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Observational Data and Priors

ÅCosmic Chronometers (CC): Spectroscopic dating andindependent of cosmological models
(ᾀḐς)

ÅSupernovae Type Ia (SN): Pantheon Sample

ÅBaryonic Acoustic Oscillations: Acoustic perturbations in early Universe plasma

Åɝ‌Ⱦ‌from Quasar Absorption lines: Keck (K) observatory, VLT (V), 21 literature 
measurements (N) and Oklonuclear reactor (O)
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Ὄ Priors

ÅSH0ES Survey [R19]: Riesset al. (2019) mainly using Cepheid calibrated SNeIaᴼὌ
χτȢπσρȢτςËÍÓ -ÐÃ

ÅTip of the Red Giant Branch [TRGB]: Freedman et al. (2019) reports Ὄ φωȢψ
ρȢωËÍÓ -ÐÃ

ÅH0licow [HW]: Based on strong lensing O Ὄ χσȢσ ρȢψËÍÓ -ÐÃ
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ὪὝ Model

Model:Ὢ ‌Ὕ

where ‌ φὌ

Ὃ ᾀḗπḗὋ

Jackson Levi Said et al. JCAP 11, 047 (2020)
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Precision Cosmology Constraints for ὪCDM



Results for ὪCDM
Data Sets Ὄ ËÍÓ -ÐÃ ɱ ȟ ὦ ɝ!)# ɝ")#

CC+SN φψȢυ ρȢψ πȢσυπȢ
Ȣ πȢςςȢ

Ȣ ρȢτυ φȢτσ

CC+SN+R19 Ȣ Ȣ
Ȣ Ȣ Ȣ

Ȣ Ȣ Ȣ
Ȣ Ȣ Ȣ

CC+SN+HW χρȢπ ρȢσ πȢσςωȢ
Ȣ πȢρφȢ

Ȣ ρȢυρ φȢυπ

CC+SN+TRGB φωȢρ Ȣ
Ȣ πȢσττȢ

Ȣ πȢςπȢ
Ȣ ρȢψχ φȢψυ

CC+SN+BAO Ȣ Ȣ Ȣ Ȣ Ȣ Ȣ Ȣ Ȣ

CC+SN+BAO+R19 φωȢω ρȢς πȢσπυȢ
Ȣ πȢρτȢ

Ȣ πȢυφ υȢυφ

CC+SN+BAO+HW φωȢχ ρȢς πȢσπτȢ
Ȣ πȢρςȢ

Ȣ πȢψω υȢψω

CC+SN+BAO+TRGB φψȢρ ρȢς πȢςωψπȢπρτ πȢπρȢ
Ȣ ςȢππ χȢππ

!)#ςὯ ςÌÎὒ ")#ὯÌÎὲ ςÌÎὒ

Number of
Model parameters

Maximum likelihood Number of
points in a data set
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ὪὝ Model

Model:Ὢ ‌Ὕ ρ

%ØÐὦ ὝȾὝ

where ‌

Ὃ ᾀḗπḗὋ
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Precision Cosmology Constraints for ὪCDM



Results for ὪCDM
Data Sets Ὄ ËÍÓ -ÐÃ ɱ ȟ ρȾὦ ɝ!)# ɝ")#

CC+SN φψȢχ Ȣ
Ȣ πȢςωψȢ

Ȣ πȢρπρȢ
Ȣ ςȢππ φȢωψ

CC+SN+R19 Ȣ Ȣ Ȣ Ȣ
Ȣ Ȣ Ȣ

Ȣ Ȣ Ȣ

CC+SN+HW χρȢπ Ȣ
Ȣ πȢςψυȢ

Ȣ πȢπωφȢ
Ȣ ςȢππ φȢωω

CC+SN+TRGB χρȢπ Ȣ
Ȣ πȢςωφȢ

Ȣ πȢπψψȢ
Ȣ ςȢππ φȢωω

CC+SN+BAO Ȣ Ȣ
Ȣ Ȣ Ȣ Ȣ Ȣ

Ȣ Ȣ Ȣ

CC+SN+BAO+R19 φψȢχρȢ
Ȣ πȢσπππȢπρτ πȢπχωȢ

Ȣ ςȢππ χȢππ

CC+SN+BAO+HW φψȢυψȢ
Ȣ πȢσππȢ

Ȣ πȢπχφȢ
Ȣ ςȢππ χȢππ

CC+SN+BAO+TRGBφχȢχπ ρȢππ πȢςωχπȢπρτ πȢρςψȢ
Ȣ ρȢωπ φȢωπ

!)#ςὯ ςÌÎὒ ")#ὯÌÎὲ ςÌÎὒ

Levi Said, March 2023  - 38of 70



ὪὝ Model

Model:Ὢ ‌Ὕ ρ
%ØÐὦὝȾὝ

where ‌

Ὃ ᾀḗπḗὋ
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Precision Cosmology Constraints for ὪCDM



Results for ὪCDM
Data Sets Ὄ ËÍÓ -ÐÃ ɱ ȟ ρȾὦ ɝ!)# ɝ")#

CC+SN φψȢχ Ȣ
Ȣ πȢςωψȢ

Ȣ πȢρπρȢ
Ȣ ςȢππ φȢωψ

CC+SN+R19 Ȣ Ȣ Ȣ Ȣ
Ȣ Ȣ Ȣ

Ȣ Ȣ Ȣ

CC+SN+HW χρȢπ Ȣ
Ȣ πȢςψυȢ

Ȣ πȢπωφȢ
Ȣ ςȢππ φȢωω

CC+SN+TRGB χρȢπ Ȣ
Ȣ πȢςωφȢ

Ȣ πȢπψψȢ
Ȣ ςȢππ φȢωω

CC+SN+BAO Ȣ Ȣ
Ȣ Ȣ Ȣ Ȣ Ȣ

Ȣ Ȣ Ȣ

CC+SN+BAO+R19 φψȢχρȢ
Ȣ πȢσππππȢπρτ πȢπχωȢ

Ȣ ςȢππ χȢππ

CC+SN+BAO+HW φψȢυψȢ
Ȣ πȢσππȢ

Ȣ πȢπχφȢ
Ȣ ςȢππ χȢππ

CC+SN+BAO+TRGB φχȢχ ρȢπ πȢςωχπȢπρτ πȢρςψȢ
Ȣ ρȢωπ φȢωπ

")#ὯÌÎὲ ςÌÎὒ
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Can we do this in a model-
independent way?



Gaussian Processes Regression
Å The covariance function contains non-physical hyperparameters —

which define the distribution Ὧ—ȟὼȟὼᴂ

Å Iterating over these values using Bayesian inference (or others) can 
produce better hyperparameters

Å The result is a (physics) model independent reconstruction of the 
behavior of some parameter

Å This is superior to regular fitting because it is nonparametric and so 
assumes no physical model whatsoever
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The Covariance Functions

Squared Exponential (Gaussian):

Ὧὼȟὼ „ %ØÐ
ρ

ς

ὼ ὼ

ὰ
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Square Exponential Ὄ GP

Ὄ φχȢυσωτȢχχςËÍÓ -ÐÃ
Ὄ φχȢππρρȢφυσËÍÓ -ÐÃ
Ὄ φφȢρωχρȢτφτËÍÓ -ÐÃ

Ὄ χσȢχψςρȢσχτËÍÓ -ÐÃ
Ὄ χςȢπςςρȢπχφËÍÓ -ÐÃ
Ὄ χρȢρψπ ρȢπςυËÍÓ -ÐÃ Levi Said, March 2023  - 45of 70



Square Exponential Covariance for Ὄ

Data set(s) Ὄ ËÍÓ -ÐÃ ὨὌȟὌ ὨὌȟὌ ὨὌȟὌ

CC φχȢυσωτȢχχς -1.304 -0.441 -1.133

CC+╗ἠ Ȣ Ȣ -0.126 1.711 0.217

CC+SN φχȢππρρȢφυσ -3.225 -1.118 -2.617

CC+SN+Ὄ χςȢπςςρȢπχφ -1.128 1.026 -0.622

CC+SN+BAO Ȣ Ȣ64 -3.841 -1.513 -3.113

CC+SN+BAO+Ὄ χρȢρψ ρȢπςυ -1.628 0.645 -1.046

ὨὌȟȟὌȟ
Ὄȟ Ὄȟ

„ „

Distance (in „units) between the Ὄ arguments:
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Boundary Conditions
ɤCDM (or ὪὝ ɤ) at works at late cosmological times

This implies that
Ὢ ᾀḗπḗπ

ᵼὪᾀḗπ φὌ ɱ ρ

Ὓ
ρ

ρφ“Ὃ
ὨὼὩ Ὕ █╣ Ὓ
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Propagating ὪὝᾀ
ÅThe Friedmann equation contains Ὢwhich need to be eliminated finite difference methods

ÅUsing a central differencingapproach (error Ḑַײɝᾀ ), we can assume

Ὢ ᾀ ḗ
Ὢᾀ Ὢᾀ

ᾀ ᾀ

ÅTherefore, we can remove the Ὢ Ὕ Ὢ ᾀȾὝ ᾀ

ÅThis then gives a propagation equation

Ὢᾀ Ὢᾀ ςᾀ ᾀ
Ὄ ᾀ

Ὄᾀ
σὌᾀ

Ὢᾀ

ς
σὌɱ ρ ᾀ

ÅUsing forward differencing, we can produce a second boundary condition

Ὄ
ψ“'

σ
”

ὪὝ

φ

Ὕ

σ
█╣
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Square Exponential ὪὝ GP
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Open Problems with GP Reconstructions
Å Overfitting at origin: GP is very prone to overfitting for small data sets, 

which is especially pronounced at the origin, i.e. Hubble constant

Å Kernel Selection Problem: There is no natural kernel for cosmology

?
Square

Exponential

Rational
Quadratic

Cauchy

Matérn
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Genetic Algorithms (GAs)
Fitness function:Score to characterize the performance 

of each generation (BIC inspired)

ꞈ ÌÎfl
Ὧ ÌÎὔ

ς
Selection: Population that will survive
Crossover: Inheritance of kernels
Mutation: Changes in addition to crossover
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Genetic Algorithms (GAs)
CC dataset

„ὰ
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Trials for GAs 

Trial Population 
size

Selection 
rate

Mutation 
rate

No. of 
generations

Best fitness

1 ρπ πȢυ πȢρυ ρπ ρτσȢυ

2 ρπ πȢσ πȢσπ ρπ ρτψȢυ

3 ρπ πȢρ πȢρπ ρπ ρτσȢτ

4 Ȣ Ȣ Ȣ

Kernel ╗ ÌÎ︡ Ⱶ fitness Penalty

Hybrid RBF-RQ χπȢφ υȢυ ρσρȢτωρσȢρ ρτσȢυ ρςȢπ

HybridRBF-RQ-
M52

φφȢω φȢσ ρσρȢσψρςȢπ ρτψȢυ ρχȢς

MostlyRQ φφȢχ φȢτ ρσρȢσφρρȢχ ρτσȢτ ρςȢπ

HybridRBF-M52 Ȣ Ȣ Ȣ Ȣ Ȣ Ȣ

0ÅÎÁÌÔÙ
Ὧ ÌÎὔ

ς

Levi Said, March 2023  - 53of 70

Bernardo et al. JCAP 08, 027 (2021)



Artificial Neural Networks (ANNs)

Χ Χ Χ

ΧΧ

Hidden LayersInput Layer Output Layer

Redshift (ᾀ)

Cosmological 
parameters 
(ex. Ὄᾀȟ„ ᾀ)

Ὤ Ὤ ὬὭ έ

Input 1

Output 1

Output 2

Output 3
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Training Data for the ANN

This observes the gamma distribution:

‗ᾀȟ‌ȟע
‗

ɜ‌
ᾀ Ὡ

Mean: „ ρτȢςυ σȢτςᾀ
Upper error: „ ςρȢσχ ρπȢχωᾀ
Lower error: „ χȢρτ σȢωυᾀ

CC+BAO dataset
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Designing the ANN
Å RiskςOptimizes the number of hidden layers and neurons in an ANN

ÒÉÓË "ÉÁÓ6ÁÒÉÁÎÃÅὌ ᾀ Ὄ ᾀ „ ᾀ

Å LossςBalances the number of iterations a system needs to predict the observational data
1. L1(Least absolute deviation)

,ρ Ὄ ᾀ Ὄ ᾀ

2. Smoothed L1 (SL1)
3. Mean Square Error (MSE)

-3%
ρ

ὔ
Ὄ ᾀ Ὄ ᾀ
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Building the ANN

Risk function for one layer (ὲόάὦὩὶέὪὲὩόὶέὲίς
ὲᶰχȟȢȢρτ)
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Using the ANN

One layer is preferred

MSE: Ὄ φωȢχφ ρτȢψςËÍÓ -ÐÃ
L1: Ὄ φψȢωσ ρρȢωπËÍÓ -ÐÃ
SL1: Ὄ φωȢρψ ρσȢωςËÍÓ -ÐÃ
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What about priors?

╗ἠ : Ὄ χπȢςτ ρπȢπψËÍÓ -ÐÃ

╗ἢἠἑἌ: Ὄ φωȢτχ ρςȢσχËÍÓ -ÐÃ

Priors:

Ὄ χσȢς ρȢσËÍÓ -ÐÃ

Ὄ φωȢψ ρȢωËÍÓ -ÐÃ
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Whisker Plot of Results
Priors:

Ὄ χσȢς ρȢσËÍÓ -ÐÃ

Ὄ φωȢψ ρȢωËÍÓ -ÐÃ
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What about gravitational 
waves?



HorndeskiGravity
HorndeskiGravity: Produces the most general second-order 
theory that contains only one scalar field (in standard gravity)

Ὓ
ρ

ρφ“Ὃ
Ὠὼ Ὣfl fl fl fl

where
fl ' ‰ȟὢ
fl ' ‰ȟὢ ‰

fl ' ‰ȟὢד 'ȟ ‰ȟὢ ‰ ‰Ƞ ‰
Ƞ

fl ' ‰ȟὢ꞉ ‰Ƞ
ρ

φ
'ȟ ‰ȟὢ ‰ ς‰Ƞ ‰Ƞ ‰Ƞ σ‰Ƞ ‰

Ƞ ‰
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Teleparallel HorndeskiGravity (TeleDeski)

- TeleDeski Goal: What is the TG analog of Horndeskitheory?

- Conditions: (i) Field equations must be second-order; (ii) 
terms cannot be parity-violating; (iii) contributions can be at 
most quadratic in torsion

- Extra contribution: fl Ὃ ‰ȟὢȟὝȟὝ ȟὝ ȟὍȟὐ [Ὅ
- linear coupling with matter, ὐ- quadratic coupling with 
matter]

Bahamondeet al. PRD 100, 064018 (2019)
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Tensor Perturbations
- Takingtensor perturbations for tetrads fields

Ὡ ȟὩ‏ ‏
ρ

ς
‏‏ Ὤ ᵼ Ὠί Ὠὸ ὥ ‏ Ὤ ὨὼὨὼ

- Produces a gravitational wave propagation equation (GWPE)

Ὤ σ ♪╜ ὌὬ ρ ♪╣
Ὧ

ὥ
Ὤ π

in the Fourier domain

- ‌ ὧ ρis the tensor excess speed and ‌
ᶻ

ᶻ is 

the Planck mass run rate (ὓz is the effective Planck mass)
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GW Observations
Can we use GW observations to detect modified gravity?
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The Era of Multi-messenger Astronomy

ὓ ςȢχτȢ
Ȣ ὓἄ

ɝὝ ρȢχÓ

ὧ ὧ

LIGO-Virgo localization

Virgo observatory

GW170817 GRB170817A

Fermi Telescope
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GWs in TeleDeski

- TeleDeskiGWPE:

‌
ςὢ

ὓz
ςὋȟ ςὋȟ Ὃȟ ‰ ‰Ὄ ςὋ ȟ

ρ

ς
Ὃ ȟ π

where ὓz ςὋ ςὢὋȟ ὢὋȟ ‰ὢὌὋȟ ςὢὋ ȟ ὢὋ ȟ Ὃ ȟ

- Running Planck mass: Continues to observe ‌
ᶻ

ᶻ

- New possibilities: Opens new possibilities for reviving Horndeski
gravity

Ὤ σ ‌ ὌὬ ρ ‌
Ὧ

ὥ
Ὤ π

Bahamondeet al. PRD 101, 084060 (2020)
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Conclusion
ÅTG offers an interesting alternative to traditional ways to 

modify gravity

ÅTG satisfies a number ofpreliminary observational tests, and 
offers a more consistent picture of modified gravity

ÅTG is compatible with novel methods being developed in 
conjunction withmachine learning
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CosmoVerse: Join our Working Groups
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